Abstract-This note presents a recursive identification method to estimate the minimal parameters of a class of nonlinear deterministic system. The result can be applied to a manipulator with unknown torque constants. A procedure to identify the torque constants, the friction, and the gravity parameters at the same time is then proposed. This is worthwhile since the PD feedback control with the gravity and friction compensation ensures a zero steady-state response for the set-point control. A theory addresses the minimal parameters composed of the three groups of parameters. The identification procedure for the minimal parameters is conducted by moving one joint with a constant velocity at a time. The persistently exciting trajectories for the identification are also suggested. The experiment on the PUMA 560 illustrates the identification method.
I. INTRODUCTION
This note deals with the parameter identification of the following deterministic system i = diag(ql,...,??,)A(q)w
(1)
where diag (q2,. . . , 7%) is a diagonal matrix with the diagonal entries of q., . . . ,qn and A(q), as shown by (2), found at the bottom of the next page, p E R", and subscripts L ( i ) and U ( ; ) are the integer variables to label the columns of A. Note that L(1) = 1 and L(i + 1) = U ( i ) + 1. Suppose that the number of columns of A is p , i.e., p = Z7(n). The entries of A (i.e., a,,, i = 1,. . . , I ? , j = l , . . . , p ) are all functions of q. In system (I) , i is the input vector, q is the vector of state variables, and and ' U J~ (elements of w) are constant parameters. Assume that u 7 , ~(~) ( q ) , . . . ,a,, c i ( , ) ( q ) and one of a z j ( q ) , j > U ( i ) , are linearly independent over R"' and the elements of w are independent parameters. If all 17, are known a priori, the parameter identification of system ( I ) is a simple least squares problem since the columns of A are linearly independent. The elements of w form a set of minimal parameters for determining the system dynamics since they are identifiable and are linearly independent [17] and [18] . The problem will not be so easy, however, when qi are unknown.
We often encounter this problem in mechanical systems such as robotic manipulators. It has been shown [2] that the actuator forces of a manipulator are linear with respect to the inertia parameters and in the form of 7 = A(q)w, where 7, q and w are, respectively, the actuator forces, the joint displacements, and the inertia parameters.
Many works PI, [81, [IO] , U31, U81, VOI, [241-[281, and [321 proposed various methods to identify the minimal combinations of the manipulator inertia parameters. Most of manipulator control systems, however, send the current commands to the servo amplifiers, which are linearly proportional to the actuator forces (or torques). In this sense, the manipulator dynamic should be modeled by (1) with 1/17, as the torque constants. The motor torque constants provided by the manufacturer are usually of low precision, their values will even vary with the use time [28] .
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IEEE Log Number 9402735. Repeated experiments for the minimal current required to start a There are two approaches to this problem in the robotic literature.
Atkeson et al. [2] used a six-axis force-torque sensor on a lever arm to statically measure the force at the end of the lever arm acted by the manipulator and then to calibrate the torque constants. Raucent et a/.
[27], [28] , and West et al. [31] avoided the torque constant problem by measuring the reaction forces and moments on a sensing platform on which the manipulator stands. Although both require extra equipment, the latter does not provides the torque constants that are necessary in the implementation of the computed torque control scheme. In this note, we first solve the parameter identification problem of system (1) and then apply the result to the manipulator. It is found that (1) can be converted to a recursive form which turns out to be a standard least squares problem again. Although some works [7] [23] for the full dynamics; however, no one really exploited the result for the gravity case. Furthermore, we find that including the friction does not destroy the original theory. The gravity parameters (i.e., the inertia parameters for gravity load), torque constants, and the friction coefficients, in combined forms, can then be identified simultaneously. The identification process is to move only one joint with a constant velocity at a time.
Mayeda et al. [20] and Yoshida et al. [32] also proposed a static test to estimate the gravity parameters. The torque command of a joint is gradually changed until the joint starts to move. The average of the torque commands for both directions of a joint is taken as the gravity load, the bias is seen as friction. After knowing the gravity parameters, they then estimated the symmetric Coulomb and viscous friction. The static test has two drawbacks: tedious operation procedure and large error bounds. Fig. 1 shows the repeated measurement data for the static test on the joint 2 of the PUMA 560 arm. The repeatability of the static friction is not well. This is one of the reasons why we propose an alternative method to identify these parameters at the same time. Besides, we adopt the experience of Armstrong [I] and Canudas et al. [4] to model the friction with a nonsymmetric Coulomb friction and viscous friction.
0018-9286/94$04.00 0 1994 IEEE Wen and Bayard [30] have rigorously shown that a PD feedback controller with the gravity compensation can asymptotically stabilize the manipulator with zero steady-state error for set-point commands.
The identified values of this note are suitable to the set-point control (i.e., regulation), which will be verified by an experiment. Since most practical tasks of an industrial robot are composed of the set-point commands, the present identification method is very valuable.
This note is organized as follows. Section I1 discusses the identification theory for the deterministic system (1). The application of the theory to a manipulator with unknown torque constants is addressed in Section III. The identification experiment on the PUMA 560 arm is presented in Section IV.
Dejinition: A set of columns a%(@): R" --$ Rn is said to be not all zero such that CyEl atat(@) = 0, V@ E R". If a, are all 0 linearly dependent over Rm if there exist constants a,, i = 1, ... 7 n, zero, the set is said to be linearly independent over R".
n. MAIN RESULT System (1) can be reformed to
where the entries of A* and the elements of w* are, respectively for j < L(i)
The nonlinear deterministic system (3) can be decoupled to the recursive linear deterministic forms of ... , a z , u(z)(q) and, at least, one of az,(q), j > U ( ; ) are linearly independent over R", and the elements of w are independent parameters, the elements of w * and 7 1 / q 2 , . ... qn-l/qn form a set 0 Proof: Because these parameters are independent and can be identified recursively from n to one by using (6), (7) , and the least squares method, the claim is true.
Q.E.D. 
where uf = bz, k + E,"=,+, b,,qk/q3. Therefore, we can still get the same result that is stated as follows.
Corollary 2: For the same system described in Theorem 1, if 
APPLICATION TO MANIPULATORS
In this section, we illustrate the application of the above theory to a manipulator. For the sake of simplicity, only the gravity load is taken into account in the modeling of the manipulator, i.e., the Coriolis and centrifugal dynamics are ignored.
A. Dynamic Model
We consider a manipulator with n low-pair joints, which are labeled as joint 1 to n outward from the base. Assign a body-fixed frame on each joint (i.e., frame E, is fixed on joint i) in accord with the normal driving-axis coordinate system [16] (known also as modified Denavit-Hartenberg notation [6]). The distance from the origin of E, to that of EJ is designated as i s and that to the center of mass of link i as e,.
In the normal driving-axis coordinate system (see Fig. 2 ), the zaxis of a body-fixed frame is the driving axis of the corresponding link, i.e., the unit vector along joint i is U:') = [0, 0, 1IT, where superscript "(i)" denotes the representation of a vector with respect to frame E,. The distance from the origin of frame E,-1 to frame E, is shown to be (9) where b,, d,, pz and 8, are the geometrical parameters of the coordinate system and shown in Fig. 2 
The composite body i is defined as the union of link i to link n. Let the mass of the composite body i and the first moment of the composite body about the origin of E, be denoted as 7j7 and k,, respectively (i.e., riZ, = cy=z m3 and E!') = cy=, m, (~S (~) + C~' ) ) , where m3 is the mass of link j ) .
When the manipulator remains stationary, the actuator forces sustain the gravity only, and are then named stationary actuator forces. Applying statics, we get the required stationary actuator force and then the armature current of joint i as where (.)z denotes the x-component of a representation, T , is the gear ratio, i, and C, are, respectively, the armature current and the torque constant of the actuator motor driving joint i , TI, = T < / C , is the ratio of the gear ratio to the torque constant, g is the gravitational acceleration, and
In the present problem, the kinematic parameters are known a priori. There are four unknown gravity parameters m , and n1,c6~) for each link. Not all of them are identifiable, however, since the actuator forces are determined only by some combinations of these All constant terms of 6;') are concatenated to be k,, while 1, collects the variant terms. As the x-and y-components of ICyk, and ii-3m,, U = i + 1,. . . , n are given, I , can be calculated using the recursive form (14) and (15) from link n to link 1 for any stationary configuration of the manipulator. For the detailed description of k , and I , , the reader is referred to [17] and [18] .
Let joint T be the first rotational joint counted from the base, joint s be the nearest rotational joint not parallel to joint T . It was shown in [I71 and [19] that when the manipulator stays stationary, the armature currents of the actuator motors can be described in a form of where A is defined in (2), and w consists of all nonzero elements in the same order as w = Note that 5, and u 6 are either one or zero to denote the redundancy of the gravity parameters, which are defined as follows: 6, = 0 for T 5 i < s and uT//g, otherwise 6; = 1. On the other hand, u, = 0 for U , I g, Vq E R" (if T < i < s for translational joint i , U , is always perpendicular to g only when ur/g or when U, I g and u;//u,; while this can happen for i > s only if ur//g. u s I U ? and ut//uJ//us for any rotational joint j , s 5 j < i ) , otherwise u, = 1.
It should be remarked that the elements (other than the ones associated with IC;riZ1 [see (16) and (17)]) of the rows of A corresponding to i z / q i for all translational joints i are all zero [19] . Applying Theorem 1 and Corollary 2 to (16), we get the following.
Theorem 3: When the manipulator stays stationary, a set of the minimal parameters for determining the armature currents i for 
B. Friction
The above derivation is based on the assumption that the friction is negligible or can be extracted from the manipulator dynamics. To perform an identification on a manipulator with high gear ratios, the friction should be taken into account. It is of evidence in the robotics literature [ l ] and [15] that the friction in a manipulator can be approximated by the Coulomb friction and the viscous friction. The former is constant while the latter is proportional to the joint shaft velocity. The strategy for the identification experiment is to implement a stiff PID controller [ l ] to get the manipulator motion with a constant joint velocity. Specially, our identification procedure for the minimal parameters described in Theorem 3 will be conducted by only one joint moving (rotating or translating) at a time. Under such circumstances, the inertia effect and the coupling Coriolis and centrifugal effects do not appear in the dynamics. Therefore, the dynamical equations (1 1) for the stationary manipulator are still valid for the present case by adding a friction term, i.e., where TJ, is the friction force of joint i. Note that the friction forces at a joint are internal forces and will not be propagated to the other joints. According to Theorem 3, (18) leads to It is evident that the minimal parameters in Theorem 3 are still the minimal parameters of the system (19) if r f Z / C , , i = 1,. . . , n, are known a priori. In fact, the friction terms and the minimal parameters in Theorem 3 can be identified at the same time. In this note, we adopted the nonsymmetric friction model [I] and [4] C. Identijication Algorithm Theorem 3 motivates us to introduce the new notations fiz:
Equation (15) 
leads to
Note that 1; = 0. The next step is to get the recursive linear deterministic forms like (7) for the manipulator system (19). Substituting (13) and (21)- (23) 
Equation (25) is equivalent to either (7) or (8). However, vt or v:
can be calculated recursively without knowing a z 3 . and tZ is either 1 (when 4% > 0) or 0 (when 4% < 0). The minimal parameters can then be estimated recursively from link n to link 1 by the least squares method if P : ' P f or PTPz, i = 1,. . . , n, are all of full rank. The trajectory from which the data are measured so that this condition is satisfied is named persistently exciting trajectory.
Using (30) and (31), it can be shown (see [19] ) that a set of test trajectories of only rotational joint i rotating with constant velocity is persistently exciting for rotational joint i if 1) the trajectories are conducted for some configurations where joints except joint i are held stationary and joint z is not parallel to the gravitational direction;
2) the displacements of q3 for j = i + 1,. . . For translational joint i, a set of trajectories of only joint i moving with constant velocity is persistently exciting if there are at least five sampling points at which 1) joint i is at two or more different configurations and not perpendicular to the gravitational direction (so that at least two of ( g ( ' ) ) a Z are not equal), and 2) the joint velocities are different and cover the forward and the backward directions. Essentially, it is very easy to find a set of persistently exciting trajectories .
There is an extreme case for a translational joint. Step 1 ) Let i = n.
Step 2) If joint i is a rotational joint, hold the manipulator at some configurations where joint i is not parallel to the gravitational direction and q3 for all i < j < k and one of j 2 k are different for different configurations, where k is the next rotational joint behind joint i . For each configuration, rotate joint i with some constant joint velocities in both clockwise and counterclockwise directions to take the data of the armature current i; with respect to the joint displacements and velocities. If joint i is a translational joint, hold joint i at two or more configurations (if possible) and not perpendicular to the gravitational direction, then move joint i alone with some constant velocities in both forward and backward directions to take the data of the armature current i ; with respect to the joint displacements and velocities.
Step 3) If i < n, go to Step 4). Compute g(n) for each sampling point. Use (29) to estimate (ki)z, (ki), and the friction parameters (if joint n is a rotational joint) or 7%; and the friction parameters (if joint 71 is a translational joint) by a standard least squares method.
Set i = n -1, go to
Step 2). 
Link

IV. EXPERIMENT
The experiment is conducted on a PUMA 560 arm whose normal coordinate system is shown in Fig. 3 . The six joints are all rotational and the first one is parallel to the gravitational direction, i.e., T = 1, s = 2 and 61 = 0. According to Corollary 4, the minimal parameters are (k&, (k;),, (k:)2, (kt),, vt/v,+~, i = 2 , . . . , 5
The identification algorithm requires two configurations for joints 2, 3, 4, and 5, and one configuration for joints 1 and 6 since there are no translational joints. At the home configuration, q = [O", -go", go", O", 0", OoIT, only joint 4 and joint 6 are parallel to the gravitational direction. We then select the first configurations for the tests of joints 4, 5, and 6 all to be and At,, A l , A , , Ay3, j = 1 , . . . , 6 . control law (34)- (35) for the joint (the other joints are held stationary) while setting V,,, to some values from *30"/s to +7O"/s. The armature current history is recorded during the motion. In any case, the current fluctuates. The gain J , and the sampling time A t are adjusted by a trial and error method to make the amplitude of the current fluctuation small while the joint velocity is still kept at the maximal velocity. Some current and velocity histories with respect to the displacements for joint 3 are shown in Fig. 4(a) . The experiment results also demonstrate that the nonsymmetric friction model is quite well for the robot. The measured data are given to the identification algorithm to get the values of the minimal parameters, which are listed in Table I . The HFTI algorithm (a QR-method) in [14] i s used to obtain the least squares solutions for the present identification procedure. The minus signs of the friction parameters for links 3-6 are due to the facts that the directions of our joint coordinates for joints 3-6 are opposite to those of the corresponding motors set by the manufacturer. The value of 75/76 in Table I (29) are nearly rank-deficient. In fact, 75 / q 6 can be any finite value (less than lo4) without significantly affecting the residuals. In comparison with the values of k;, the x-and y-components of k,* can be seen as redundant in the least squares sense, as can 75/76. The numerical technique in the HFTI algorithm will set nearly rank-deficient matrix to be rank-deficient by a tolerance setting. For a rank-deficient matrix, the HFTI algorithm finds the minimum length solution (i.e., pseudoinverse solution) of the least squares problem [14] . Thus, the resulting l i p value of 75/76 is zero (or close to zero due to roundoff errors (35) is called load compensator with acceleration feedback [29] and is equivalent to the robust independent joint controller of Hsia et al. [ll] . The analyses in [ 1 11 and [29] showed that this control law is very suitable for the present experiment. On the other hand, (34) is a PD controller with a velocity constraint [12] . Due to (34), the joint motion can be kept at a constant velocity (i.e., V,,,) in a wide range for a large step input. For each of the above mentioned configurations, we let the corresponding joint rotate in a wide range of 250" (from -125" to $125" and from $125" to -125") by inputting a step command in the measurement errors are large (because the equation is inherently illconditioned). In the present experiment, the measurement errors are kept very small, so that the resulting value of 75/76 is nearly zero (i.e., the equation is nearly consistent). That means the present method is robust to the case that the inertia constants of the outermost links are negligible small when the measurement errors are kept small such as was done in the present experiment. The verification for the identified values of the inertia constants is not easy since the true values are not available. In the literature [2] and [32] , the identified values were always used to compute the required actuator torques for some prescribed trajectories, and the results were compared with the measured torques to ensure that the identified values are acceptably accurate. When we let only one joint rotate with a constant joint speed, we also find that the measured armature currents match the computed ones with the identified values very well [e.g., see Fig. 4(b) ].
As was mentioned above, the identified inertia constants are to be used in the feedback control law. To verify this validity, we implement the following PD feedback control with the gravity and , . Joints-_-l Joint 6
" " " " " " " " " " " '
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Joint 5 by the identified parameters improves the steady-state errors. Because our model does not consider the stiction and low-velocity friction, there are some small steady-state errors in the step responses for the control with the compensation. The settling times for different joints are remarkably different. This can be explained by the fact that the coupling dynamics vary during the motion and only the gravity and friction (i.e., not all dynamics) are compensated for.
V. CONCLUSION
This note presents a parameter identification method for a class of nonlinear deterministic system such as a manipulator with unknown torque constants. The salient features of the application to a manipulator are to take into account the coupling of the torque constants and to identify the friction parameters at the same time. The experiment on the PUMA 560 arm presented in this note has a twofold purpose: illustration of the method and alleviation of the complicated error analysis. It is known that many factors such as measurement errors, quantization, and the selection of the persistently exciting trajectories will affect the results of the least squares method. The success of the present experiment lies in that the measurement errors are kept very small and the test trajectories cover a wide subspace of the workspace. In the engineering point of view, this experience is valuable.
It should be remarked that the main idea described in Section I1 can also be applied to the minimal parameters of the full dynamics of a manipulator, Some further effort is needed, however, to reform and simplify the full dynamics. It is also believed that there are other systems belonging to the class of nonlinear deterministic system ( l), e.g., the following discrete multivariable system
where z and y are state variables, u1 and u g are input variables. The theory is then not restricted to manipulator systems.
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A Hardware Implementable Receding Horizon Controller for Constrained Nonlinear Systems
Shin-Yeu Lin
Abslruct-We present a two-phase parallel computing method for obtaining an implementable receding horizon control solution for constrained nonlinear systems. The phase 1 method solves a feasibility problem to find an approximate open-loop admissible control and horizon pair. The phase 2 method successively improves the admissible control to obtain an implementable open-loop receding horizon control solution. We briefly sketch an approach to realizing this two-phase method using VLSI array processors. Solution times for simulation examples estimated on the basis of current VLSI technology confirm that our controller is well suited to the stabilization of real-time processing, fast, constrained nonlinear systems.
I. INTRODUCTION
For a nonlinear system with control constraints described by 
i ( t ) = f o ( z ( t ) , ~( t ) ) , ~( t )
